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Abstract

We present a GPU-accelerated software package for the evaluation of analytic two-
electron energy and gradient contributions in Hartree-Fock (HF) and density functional
theory (DFT) calculations. The implementation is provided as a Python library with a
C++ backend, enabling straightforward integration into modern computational chem-
istry and drug-discovery workflows. The code supports single-point energy and nuclear
gradient evaluations on both single- and multi-GPU systems, and employs MPI-based
parallelization with dynamic load balancing in multi-node environments.

We report comprehensive benchmarks demonstrating favorable scaling with respect
to system size, as well as high throughput for batched evaluations relevant to molecular
dynamics, geometry optimization, and large-scale virtual screening. Parallel execution
of a single system was carried out on up to 24 A100 GPUs. The implementation builds

on optimized GPU-enabled variants of the LibintX and GauXC libraries to efficiently
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compute density-fitted Coulomb, semi-numerical exchange, and exchange—correlation

contributions.

Introduction

Modern quantum-chemical simulations are routinely employed to investigate the structure
and dynamics of molecules and materials, yet their computational cost still severely limits
the accessible time and length scales. HF and Kohn-Sham DFTY remain the standard
tools in computational chemistry? and are generally viewed as the most affordable ab initio
methods. However, even for these comparatively inexpensive approaches, the dominant step
exhibits a formal scaling of O(N*) with respect to the number of basis functions, due to the
need to evaluate two-electron repulsion integrals, which is required to construct the Fock (or
Kohn-Sham) matrix.” It remains the principal bottleneck even when integral screening and
sparsity are exploited. The computation cost of the HF and DFT analytic gradients with
atomic-centered basis sets scales similarly because the evaluation of the “wavefunction” (or
Pulay) forces involves first derivatives of two-electron integrals.*

The rapid adoption of graphics processing units (GPUs) in high-performance computing
has fundamentally changed how such electronic-structure methods are implemented, enabling
large reductions in time-to-solution as originally pioneered by TeraChem.?¢ A broad range
of strategies has been pursued to exploit these architectures. For Gaussian-type orbitals
(GTO)-based methods, state-of-the-art codes now provide graphics processing unit (GPU)-
accelerated implementations of electron-repulsion integrals and Fock (Kohn-Sham) matrix
builds, enabling modeling of systems comprising hundreds to thousands of atoms.”* For a
comprehensive review of the historical developments, we refer the reader to Ref. [11

Recently, many works!®214 have focused on methods that reduce the computational
cost of quantum chemistry calculations on GPUs by using approximations like density fitting
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(DF) or Cholesky decomposition and semi-numerical exchange techniques such as semi-



numerical linear-scaling exchange (Sn-linK)*™# and chains-of-spheres exchange (COSX)™
methods. These methods simplify the evaluation of two-electron Coulomb and exchange
terms in HF and hybrid DFT calculations. Several GPU implementations?132% have shown
that these approaches can significantly speed up HF and DFT calculations for large molecules.
Authors of CP2K program also presented their scalable multi-GPU implementation of two-
electron integrals for a large molecular systems, employing hybrid Gaussian-Plane-Wave
(GPW) scheme in combination with DF.2!

An efficient and scalable HF and DFT implementation was recently demonstrated by

Williams-Young et al.’?

, combining LibintX and GauXC libraries and using DF-Coulomb
calculation and semi-numerical exchange techniques. However, that work focuses only on
the energy calculations. Many applications — e.g., locating stationary points, exploring
reaction paths, and molecular dynamics — require analytic nuclear gradients. Although
GauXC includes infrastructure for exchange-correlation (XC) derivatives, derivatives of the
Coulomb (J) and exact-exchange (K') contributions are not available in these libraries. Here
we implement analytic derivatives of the two-electron energy terms (J and K') within LibintX
and GauXC, enabling HF and hybrid DF'T gradients on single- and multi-GPU systems. By
employing reduced-scaling DF and semi-numerical exchange kernels, the implementation
enables high-throughput evaluation of energies and analytic nuclear gradients for small- and
medium-sized molecules, as well as systematic studies of large organic systems on high-
performance computing (HPC) hardware.

Accessibility and modular software design are key drivers for the rapid development and
widespread adoption of modern numerical frameworks. This has been demonstrated partic-
ularly clearly by recent advances in large language models, where unprecedented computa-
tional scale is achieved through Python-centric ecosystems that emphasize modular software
design and ease of experimentation. In quantum chemistry, Python interfaces have seen
increasing adoption in recent years, enabling tighter integration with data-driven workflows

and high-level numerical libraries. However, compared to machine-learning frameworks, the



availability of performance-critical components exposed through flexible Python application
programming interfaces (APIs) remains limited.

In this work, we provide a Python API that exposes GPU-accelerated Coulomb and
exchange energy and gradient kernels in a modular and scalable manner. The interface
is designed to support rapid method development and high-throughput execution within
Python-based workflows, while retaining performance on single- and multi-GPU systems.
To further lower barriers to adoption, we provide precompiled Conda packages for common
architectures, enabling straightforward installation and integration into existing Python en-
vironments.

The paper is organized as follows. In the section, we give a brief introduction
to HF and Kohn-Sham DFT. The main kernels of the calculation — two-electron integrals and

the XC functional integrations — are described, as well as the equations for their derivatives.

In the Implementation| section the details of the DFT energy and gradient algorithms are

given. The description of benchmarks and their results are given in sections

and [Results and Discussion| respectively. Finally, the concluding remarks are given in the

last section.

Background

Both HF and Kohn-Sham DFT methods rely on an self-consistent field (SCF) procedure
to determine a set of molecular orbitals (MOs) that represent the electronic structure of
a molecule. In HF, the occupied MOs define an electronic wavefunction in the form of a
single Slater determinant; in Kohn—-Sham DFT a formally similar set of orbitals is used to
represent the electronic density. Molecular orbitals are expanded as linear combinations of
atomic orbitals (AOs), which transforms the SCF equations into the generalized eigenvalue

problem:

FC = SCe, (1)



where € is a diagonal matrix of the orbital energies, F is the Fock (Kohn-Sham) matrix, C
is the matrix of MO expansion coefficients in the AO basis, S is the overlap matrix in the
AO basis. In the SCF procedure Equation (1)) is solved iteratively because F depends on C.

The closed-shell Fock (Kohn-Sham) matrix can be computed as a sum of several compo-

nents:

F7 — he 4+ 2] — K (2)

FXS = h* 1+ 2] — oK 4 F*¢ (3)

where h”® is the so-called core Hamiltonian, which comprises electronic kinetic energy and
electron-nuclei attraction; J is the Coulomb interaction of an electron with the mean field
of all electrons in the system; K is the exchange operator; and FXC is the XC functional
integral. The coefficient a depends on the type of the XC functional: a = 0 for pure XC
functionals, and between 0 and 1 for hybrid DFT. All components except h®™ depend on

the MO coefficients and have to be recomputed at each step of the SCF procedure.

Density-fitting Method for Computing two-electron Coulomb Ma-
trix

The Coulomb term J in HF and Kohn-Sham DFT methods can be efficiently evaluated
using the DF approximation, which is based on the resolution of the identity of four-center
electron repulsion integrals.1®22 The basic idea is to approximate the pair density, formed
by the product of atomic orbital basis functions, by a linear combination of auxiliary basis

functions:
Z Crnp(r (4)

where ¢ are basis functions, and C’fy are the fitting coefficients. Greek indices (u, v, etc.)

correspond to the regular basis set, the capital Latin letters (P and Q) denote the auxiliary



basis set.

The coefficients C¥), are obtained by:

Ch,=> (1Q)@QIP)™, (5)
Q

where (ur|Q) are three-center two-electron Coulomb integrals between regular and auxiliary
basis functions, (Q|P) = (P|Q) are elements of the symmetric matrix given by the two-center
two-electron Coulomb integrals over auxiliary functions, and (Q|P)~! are the elements of the

matrix inverse to (Q|P).1* The integrals can be computed as follows:

o) - //m r), (x 1 60() o
(PQ) = //Mdrdr (1)

The Coulomb matrix elements, J,,, are computed as follows:

T =3 Daluvro) = 3 (| PY(PIQ) ™ 3 (QA0) D, ®)

PQ Ao

or, in contracted form,

Z IUV‘P vp, (9)

P

with the Coulomb potential fitting coefficients given by

vp =Y (PIQ)™' Y _(A|Q)Dxs = Y (PIQ) g (10)

Q Ao Q

The density-fitted Coulomb matrix (DF-J) can be computed using the sequence of steps
shown in Algorithm
To reduce memory consumption, it is possible to avoid the explicit storage of the three-

center Coulomb integral tensor (uv|P) by performing its contraction with the density matrix



Algorithm 1 The DF Coulomb matrix calculation algorithm.

Input: Cholesky factors L € R™wue>nauwr of the auxiliary matrix V € RMeuws*Maus  density
matrix D € R™ ", basis sizes n, auxiliary basis size n,.., a function that evaluates
3-center 2-clectron integrals (uv|P)

Output: Coulomb matrix J € R"*"

Temporaries: x,v € R"eu

1: for @ € [n| do

2: g < >\, (A|Q) Do > Form the auxiliary potential
3: end for

4: v < solveSLE(L, x) > Fitted density vp = (P|Q) ' (\o|Q) Do
5: for P € [ng,,] do

6: Juw D p(pv|P)up > Build the Coulomb matrix
7: end for

and the Coulomb fitting coefficients on-the-fly. This approach requires recomputation of the
three-center two-electron integrals twice per SCF iteration. However, it reduces the in-
termediate storage requirements from O(N?N,uy) to O(N,uy), which can be advantageous
in large-scale calculations. Additionally, certain two-electron evaluation methods permit
the contraction of the density matrix with intermediate quantities before the final inte-
grals are formed, thereby reducing the total number of floating-point operations.?32% In
the McMurchie-Davidson scheme, the density matrix is contracted with coefficients of the
Cartesian GTOs expansion in the basis of Hermitian GTOs.

Density-fitting reduces the computational scaling and memory requirements associated
with the four-center Coulomb integrals from O(N?*) to O(N?). This is particularly ad-
vantageous for large systems and pure DFT calculations. Although a similar expansion
may be applied to the exact exchange term,?? the resulting algorithm does not improve the
formal computational scaling of exchange matrix construction, which remains O(N*). Al-
ternative approaches, like semi-numerical exact exchange?® or pseudo-spectral and related

methods,?¢"2% can be applied to reduce the cost of exchange matrix calculations.



Semi-Numerical Calculation of the Exchange Matrix

The exact exchange matrix K, constitutes a major computational bottleneck in HF and
hybrid DFT calculations. Semi-numerical methods mitigate this cost by evaluating parts of
the exchange contribution on a spatial integration grid.*=12

The central idea is to express the two-electron integrals required for the exchange matrix

using a mixed analytic-numerical approach:

L= Z Dy, (uA|vo)
Ao

_ ZDAUZUW% 1) (1) Gy (1) o (r )dr,

r— i

where ¢, ¢,, ¢», and ¢, denote atomic-orbital basis functions, D is the density matrix, and
{r;,w;} are the points and weights of a real-space quadrature. In practice, atom-centered
grids combined with standard numerical quadrature schemes are employed to approximate
the real-space integrals.*®1? Screening based on density-matrix elements and basis-function
overlaps can substantially reduce the number of non-negligible contributions, lowering the
effective scaling well below the formal O(N*) limit and, in favorable cases, approaching linear
scaling. This mixed analytic-numerical formulation is particularly effective for hybrid DFT
calculations, where the evaluation of exchange terms dominates the overall computational
cost.

Building on this formulation, several practical algorithms have been developed to com-
pute the exchange matrix efficiently, most notably the COSX" and Sn-linK"® methods,
which are now widely adopted in modern quantum-chemistry packages. In these approaches,
the exchange matrix expression in eq. is typically reorganized to expose intermediate

quantities and reduce computational overhead. One commonly used reformulation proceeds



as

- szgbu(rl)z (bll‘i_)_—:‘-d Z¢A rz D)\J

g

= Z Wi, (r;) Z ApoiFoi (12)
= Z ¢u(ri)Rm’a

where F,; = Y, ¢a(ri) Do, Avoi = [ ¢u(r)¢o(r)|r — v;|"*dr, Ry = w; Y., AvpiFri. The
program usually runs over 3D locality-based clusters (batches) of grid points. Non-negligible
basis functions are evaluated at the quadrature points. Then, F,;, A,,; are computed and
R,; is formed. Finally, the contribution to the exchange matrix from the current batch is
computed. As a result, the exchange build can be expressed predominantly in terms of dense
linear algebra operations. As in the two-electron case, the evaluation of integrals A,,; may

be fused with their contraction with F,; to improve performance. 24329

Nuclear Derivatives

Energy gradients are essential to optimize molecular structures or perform molecular dy-
namics simulation. The Coulomb and exact exchange energy derivatives are among the
most time-consuming components of the gradient. The following subsections detail their

evaluation.

Coulomb Energy Derivatives

The evaluation of the nuclear derivatives of the Coulomb energy (E”) within the density-
fitting approximation follows directly from the analytical form of the DF Coulomb operator.
The derivative of E/ with respect to the Cartesian coordinate ¢ € {z,y,2} of atom A is

given by:0

du|P) 1 o(PIQ)



Thus, computing nuclear gradients requires evaluating the derivatives of the two-center and
three-center electron-repulsion integrals with respect to the nuclear coordinates. Equa-
tion can be formally separated into two contributions, corresponding to derivatives with

respect to the primary basis-set centers and the auxiliary basis-set centers, respectively:

o EJprim (9(#1/)
0A: ;DWXP:UP ( OA; P) .

e oP\ 1 a(P|Q)
A =22 D <W 87) ~5 2. Uy (15)
3 P /“, 3 PQ 3

It is convenient to compute derivatives with respect to the primary and auxiliary basis sets
separately in the direct DF-J-engine method. It allows in-place contraction of the interme-
diate Hermitian integrals with the density matrix D or fitted density v, leveraging the same
two-step direct DF-J-engine scheme as in the Coulomb matrix calculation. Nuclear deriva-
tives of the two-electron integrals can be evaluated analogously to the integrals themselves,
using recursion relations or Rys quadrature.®Y33 An overview of the McMurchie-Davidson
(MD) method for computing two-electron integral nuclear derivatives which was used in this

work is given in the Supporting Information.

Exchange Energy Derivatives

The contribution of the exchange term to the nuclear gradient is expressed as:

OEX 0K,

— = D
DA,

OAe M

(16)

uv
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where the semi-numerical exchange matrix derivative can be computed as follows:

O(puM|vo)
D
Z AT a4 8A§

0¢,(r; y
- sz ggjig ) ; gb|i_)_—d ZD)\U¢A rz (17)

0, ( rl

This semi-numerical scheme is similar to the computation of the exchange matrix in the
energy evaluation, with the additional requirement of evaluating the nuclear derivatives of
the basis functions at each grid point.*? Notably, no derivatives of one-electron integrals are

required in this approach.

Implementation

We implemented Coulomb- and exact exchange energy derivatives as extensions to the Li-
bintX and GauXC libraries, respectively. To exploit multi-node HPC systems, we added a
distributed LibintX variant using message passing interface (MPI) parallelization. To im-
prove the accessibility, we developed a Python APIs for the extended LibintX and GauXC
libraries and develop pre-compiled versions for common architectures via package managers.
The interfaces are designed to be compatible with the PySCF package,?* facilitating input
preparation, analysis of results, and debugging within established Python-based workflows.
Performance benchmarks for HF and DFT calculations were carried out using an internal
Python-based quantum chemistry software. In the following, we will describe relevant parts

including the numerically demanding operations in detail.

Implementation of the Coulomb Matrix
13135136

The integral-direct distributed J-engine implementation in the LibintX library***=**% com-

putes the Coulomb matrix using batches of three-center two-electron integrals (Algorithm

11
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Figure 1: Schematic representation of the estimated memory requirements of the DF-J
algorithm run in different modes. (a) shows consumption with full storage of all objects,
(b) shows memory requirements for distributed 3-center integral calculation (LibintX and
present work), and (c¢) shows memory requirements if additionally distributed V storage is
used via cuSOLVERMp (present work). Shaded blocks denote integrals computed in the
direct way. Note that gradient contributions follow an analogous scheme.

and Figure [I). Three-center integrals are never materialized. Instead, their contractions
(Ac|Q)D), and (uv|P)vp are computed, which allows to significantly reduce the amount of
calculations.?®5 Ags a consequence, three-center integral kernels must be called twice per
SCF as indicated in panel (b) of Figure The LibintX J-engine class provides methods
for computing the three-center two-electron integrals contractions (Ao|Q) Dy, and (uv|P)vp
(lines [2| and |§| of Algorithm ; all other steps must be implemented by the user. Further-
more, for these operations it supports running on multiple GPUs installed on a single node.
In this work, we developed complementary code that implements the remaining steps of

Algorithm [1| and exposes them through a Python API.
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Implementation of the Coulomb Energy Derivatives

For clarity, we denote the two-center Coulomb integrals matrix over the auxiliary basis as V.
Analytic equations often use the inverse two-center Coulomb matrix V! (see eq. (8)). In our
implementation, the multiplication of V! with a vector = (Eq. ) is carried out by solving
the linear system V v = x, which is numerically more stable and accurate. By default, the
linear system is solved on GPU using cuSOLVER (Fig. ) To alleviate device-memory
constraints for large auxiliary bases, we optionally support cuSOLVERMp with distributed
storage, trading increased communication overhead for reduced memory footprint (Fig. )
During J-engine initialization, a Cholesky factorization of V is computed once and retained
either in device memory, when sufficient memory is available, or on the host otherwise. The
stored Cholesky factors are subsequently reused to evaluate the fitted Coulomb potential
coefficients v in all Coulomb matrix and gradient calculations, thereby amortizing the cost
of the factorization across SCF iterations.

The Coulomb contribution to the nuclear gradient is computed using the modified J ma-
trix construction (Algorithm . The Coulomb potential x and its derivatives with respect
to the auxiliary basis functions 0x/9C¢ (Algorithm [2| lines |1| to @ are evaluated simultane-
ously. Next the derivatives of Coulomb energy with respect to the primary basis set centers
are obtained by contracting the corresponding derivatives of the three-center two-electron
integrals with the fitted density v and density matrix D (Algorithm [2] lines[9] and [10). The
auxiliary basis contribution to the J-gradient is computed separately(Algorithm [2] line [13)).
This procedure preserves the possibility to perform an early contraction with either the den-
sity matrix or the fitted Coulomb potential v.%% The details of the McMurchie-Davidson
scheme of derivative integrals calculation are described in the Supporting Information.

It should be noted that our implementation does not use atomic gradient vectors di-
rectly. Instead, gradients are computed with respect to the atomic orbital centers, avoiding
an explicit orbital-to-atom correspondence map. The atomic gradient vector can be recon-

structed in a post-processing step on a higher level by accumulating the orbital contributions

13



Algorithm 2 Integral-direct Coulomb gradient calculation algorithm using density-fitting
approximation.

Input: Cholesky factors L € R"eus*"eur of the auxiliary matrix V € RMeuweXMauws = two-center

opP aux aux . .
9A¢ Q) € RMauzXn ><3’ density matrix D € R™",

basis sizes n, auxiliary basis size ng.,, number of atoms n..,, and a function that
evaluated 3-center 2-electron integrals (uv|P) on demand in batches
Output: Primary Coulomb energy gradient contributions GP™m ¢ R™*3 , auxiliary
Coulomb energy gradient contributions G*“* € RMaus*3
Temporaries: x € R dx € RteuwX3 vy ¢ Rlaus
> Build Temporary objects
. for all @ € [n4.] do
TQ Z,We[n] (:ule)D/w
for all ¢ € [3] do
drqs = 3 e (1|0Q/0Ag) Dy
end for
end for
> Solve linear equations using Cholesky factors
7. v < solveSLE(L, x)
> Primary and auxiliary basis contributions to energy gradient
8: for all (i, &) € [n] x [3] do

rim >
9 G e Div 2o0eian (ﬁV\Q) e

two-electron integral derivatives (

10: ij’?m =2 ein Duv 2o getnan (uaa—é Q) Vg > Prim. basis contribution ([14])
11: end for

12: for all (P,€) € [nau] % [3] do

13: P ¢ (dl‘pg -3 Y Qnans] (86—56 Q) xQ) xp > Aux. basis contribution ([15)
14: end for

15: return GPrm, G

associated with each atom.

To make use of multi-node HPC systems, we implemented a distributed, multi-node
J-engine using MPI parallelization. Work is partitioned statically over (uv| pairs, with a
dedicated load balancer instance for each total angular momentum case. The amount of
work per task is unevenly distributed, due to differing contraction degree of the shell pairs.
To mitigate this imbalance, the task list is shuffled deterministically using an identical RNG
seed on all processes. After computation, the vector of fitted potential and the final matrix

J (Algorithm [1] lines 2] and [6)) are reduced globally across all ranks using MPI_Allreduce.
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Implementation of Exact Exchange Energy Derivatives

GauXC138038 i 4 high-performance library, which is capable of computing functional energy
and derivatives, as well as semi-numerical exact exchange for a broad choice of 3D grids used
in chemistry. It is parallelized with MPI and offers host and GPU implementations for most
of the kernels. In this study we extended the GauXC library with the Python interface,
which encapsulates low-level C++ classes used in GauXC. Additionally, we added code for
computing semi-numerical exact exchange gradients.

The semi-numerical exchange gradients implementation strictly follows Equations
and . The corresponding routine is nearly identical to the K matrix calculation, with a
few key differences. First, derivatives of the basis functions are evaluated on the integration
grid. Second, instead of forming the exchange matrix, three derivative matrices containing
the elements 0K, /0A¢ are computed. Finally, the exchange contribution to the nuclear gra-
dient is obtained as OE™ /0As = 3, Dy, 0K, /0Ae. As in the Coulomb energy derivative

case, the implementation employs orbital-centered gradients rather than atomic gradients.

The Details of the SCF Driver Implementation

The SCF procedure employs direct inversion in the iterative subspace (DIIS)%? to accelerate
convergence of the Hartree—Fock—Roothaan equations. All required input data for the HF
and DFT calculations, including basis sets, one-electron integrals, two-center Coulomb inte-
grals, and their nuclear derivatives, are generated using the PySCF integral module based
on the libcint library.*? The SCF driver used in this work is intended to provide a reliable
and transparent environment for benchmarking two-electron energy and gradient kernels. A
fully featured production-level SCF program TQ Ignite which uses the backends presented
in this work will be released separately as part of a broader quantum chemistry software

package.
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Benchmarks

To evaluate the performance of the proposed framework, we conducted a series of benchmarks
in two representative regimes: (i) scaling a single system across one or multiple GPUs, and
(ii) executing multiple small systems in parallel. The first regime reflects common workloads
such as MD, QM/MM simulations, or structural relaxations. The second regime mirrors
high-throughput scenarios, where geometry optimizations and subsequent energy evaluations
are carried out for many small- to medium-sized molecules — an increasingly important use

case for generating training data for machine learning models.

Mbolecular Dataset

Open Molecules 2025 (OMol25) is a large-scale dataset and benchmark comprising over 100
million single-point DFT calculations on molecular systems of up to 350 atoms, spanning
biomolecules, metal complexes, electrolytes, and community datasets across the first 83
elements.*! It is designed to train molecular machine-learning models to predict chemical
properties of molecular systems. Such datasets and benchmarks are especially relevant for
computer-aided drug discovery, where accurate yet scalable modeling of proteins, nucleic
acids, and small molecules, including conformer ranking and binding-mode refinement, are
routine tasks in virtual screening and lead optimization workflows.

Our benchmark dataset is composed of a subset of 114 molecules OMol25-neutral dataset,
four molecules used in the original LibintX and GauXC benchmark studies,* and three
additional protein molecules (valinomycin, ciclosporine, and gramicidine). The subset of
OMol25-neutral molecules was selected to represent all range of molecular sizes from the
complete dataset. The details of the selection procedure and the description of the molecules
including their geometries in the subset are given in the Supporting Information. The seven
additional molecular systems ranging from 113 atoms (Taxol) to 1231 atoms (Ubiquitin) are

displayed in Table |1| and Figure . These systems span large drug-like molecules to small

16



proteins.

Benchmark Description

For each molecule we performed a set of synthetic benchmarks and recorded the wall time
of the following computational kernels: Coulomb (J) build, exact exchange (K) build, and
their corresponding gradient contributions. Each benchmark consists of an initial un-timed
spin-up calculation followed by ten repeated calculations of a single kernel; we report the
average runtime over these ten iterations.

Next benchmark was designed to simulate a high-throughput workload. For each molecule
in the selected subset of OMol25-neutral dataset we carried out full PBE0/cc-pVDZ calcu-
lation followed by the calculation of the gradient. Two-electron quantities were computed
using the code from the Ref. (13l and the current work. One-electron integrals and their gra-
dients were computed using PySCF.24 To study device utilization under load, we executed
four benchmark series with 1, 2, 3, and 4 concurrent processes per GPU. We recorded timings
for the GPU-accelerated kernels as well as the wall-clock time to complete each batch.

To estimate GPU utilization we collected SMs Active [Throughput %] performance
counter over the duration of the OMol25 benchmark using NVIDIA Nsight Systems (v.
2025.6.1) software. The sampling frequency was set to 1000 Hz. The gross GPU utilization
was computed as a time average over all samples including GPU idle periods. The net GPU
utilization was computed as a time average only over the periods, when the GPU was active,
i.e. the average over non-zero values of the collected metric.

To evaluate the performance of the framework on multi-GPU HPC architectures, we
carried out benchmarks on configurations ranging from 1 to 24 NVIDIA Tesla A100 40 GB
devices. Each GPU was paired with 32 CPU cores and 128 GB of host memory. For testing
we selected three biological systems of increasing size—valinomycin, crambin, and ubiquitin
(Table [1)).

We used the cc-pVDZ#2 basis set together with the cc-pVDZ-jkfit? in all our tests.

17



Table 1: The description of molecules used in benchmarks. Basis set and auxiliary basis set
are cc-pVDZ and cc-pVDZ-jkfit respectively.

Molecule # atoms # basis functions # aux. basis functions V™' memory, GB
taxol 113 1185 6297 0.30
valinomycin 168 1620 8568 0.55
ciclosporine 196 1830 9660 0.70
olestra 453 4015 21125 3.32
gramicidine 552 5480 29032 6.28
crambin 642 6504 34656 8.95
ubiquitin 1231 12179 64 536 31.03

Single-point energy and gradient evaluations used the hybrid PBE0%¥ functional. Screen-
ing accuracy for the two-electron integrals and semi-numerical exchange energy were set to
10712 and 1078 respectively. In all benchmarks, two-center two-electron integrals and their

derivatives are computed using the 1ibcint library as provided by PySCF .40

10 atoms 99 atoms 113 atoms 1231 atoms
Figure 2: Examplary molecules from the OMol25 dataset (ID 15254030 (I) and 30296213

(IT)), and molecules used in the multi-GPU benchmark: Taxol (III) and Ubiquitin (IV). The
corresponding basis set information is shown in Table

Hardware Configuration

Single-GPU performance was evaluated on Google Cloud Platform (GCP) instances equipped
with NVIDIA T4 (16 GB), V100 SXM2 (16 GB), and A100 SXM4 (80 GB) GPUs. The T4
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and V100 benchmarks were performed on N1 machine types (8 vCPUs, 2 vCPU/core, 52
GB RAM), while the A100 benchmarks used an A2 machine type (12 vCPUs, 2 vCPU /core,
170 GB RAM). All cloud virtual machine instances ran Ubuntu 24.04.1 LTS with CUDA
Toolkit 12.9.

Multi-GPU benchmarks were carried out using dual-socket AMD EPYC 7TH12 (64 cores,
2.6 GHz) nodes, equipped with four NVIDIA Tesla A100-SXM4 40 GB devices and 512 GB
of system memory. The Mellanox HDR InfiniBand interconnect providing node-to-node

communication. FEach node runs RHEL 8.10 operating system with 4.18.0 Linux kernel,

NVIDIA driver 535.274.02, and CUDA toolkit 12.2.

Results and Discussion

Single-GPU Performance

Figure [3| reports the wall time as a function of basis size for both energy and gradient kernels
evaluations. The panels show: (a,b) Coulomb kernel without screening, (c¢,d) Coulomb kernel
with Schwarz screening at a 107!2 threshold, and (e,f) exact exchange kernel. In all cases, the
computation time follows an asymptotic power-law dependence, as indicated by the fitted
curves. When screening is applied, the two-electron Coulomb and exchange calculations have
(sub-)quadratic asymptotic scaling with respect to the basis set size. A runtime plateau is
visible for small systems, and it is more pronounced for Coulomb than for exchange integrals.
As expected, Coulomb builds are consistently faster than exchange builds across all GPUs.

For the Coulomb kernels — both screened and unscreened — the gradient evaluation be-
comes more expensive for large systems. This behavior is anticipated, as gradient kernels
require evaluating higher angular momentum intermediate integrals. Nevertheless, the gra-
dient and energy evaluation times remain of similar magnitude. The exact exchange gradient
kernel is also slightly more expensive than the energy kernel. On V100 and A100 GPUs, the

runtime ratios Tyrad/Tenergy fall in the ranges 1.2-1.5 for J and 1.1-1.15 for K.
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Figure 3: Single-GPU time to solution as a function of the system size for individual compu-
tational kernels on NVIDIA V100 (left) and A100 (right) GPUs. Each subplot illustrates the
performance scaling of the following kernels: (a), (b) density-fitting Coulomb (J) without
screening; (c), (d) density-fitting Coulomb with Schwarz screening turned on (screening
threshold 107'?); (e), (f) semi-numerical exchange (K). The asymptotic lines demonstrate
computational complexity of kernels depending on the system size.



The A100 provides a speedup of ~1.2 x over the V100 for Coulomb kernels. That is
consistent with the theoretical FP64 peak performance of V100 and A100 GPUs (7.8 and
9.7 TFLOPS respectively). The observed performance difference for exchange kernels is big-
ger (up to 1.5-2.0 x speedup), especially when benchmarking bigger systems. We attribute
this to the larger device memory (which allows for larger batches), higher memory band-
width, as well as faster device-host interconnection available on A100.

Across both energy and gradient evaluations, the most computationally demanding com-
ponent is the semi-numerical exchange step. Its cost is approximately an order of mag-
nitude higher than that of the Coulomb contribution. The observed scaling behavior is
sub-quadratic for both J and K kernels with respect to the number of basis functions.

The practical limitation of the current Coulomb kernels implementation is the size of the
two-center two-electron integrals matrix V. Currently, the code is capable of running systems
with /45000 auxiliary basis functions on V100 (16 GB) and up to ~100 000 auxiliary basis

functions for A100 with 80 GB.

High-Throughput Single-GPU Performance

In high-throughput settings, parallelization over multiple GPUs is trivial; therefore it is
only relevant how efficiently a single GPU can be occupied. For small molecules, individual
calculation typically underutilizes an NVIDIA A100 GPU. It is therefore advantageous to
execute multiple calculations concurrently in batches in order to hide latencies and more
effectively saturate the GPU. We performed PBEQO energy and gradient calculations on the
subset of OMol25-neutral dataset; the results are summarized in Table 2 We evaluated
batched execution with up to four concurrent tasks per GPU.

A rough estimate based on the CPU-only code suggests that around 25 % speedup can
be obtained if GPU kernels fully overlap with CPU-only work. In practice, however, the
GPU utilization is less than this estimate. Profiling with NVIDIA Nsight Systems shows,

that even for the largest molecules in our OMol25 subset, the gross and net GPU utilizations
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were only about 35 % and 85 %, respectively. For the whole subset the gross and net GPU
utilization were 33 % and 82 % respectively. Here, gross GPU utilization is the time-average
over the entire run; net utilization is the time-average over periods of nonzero GPU activity.

Consistent with these observations, allowing four processes to run concurrently on a
single GPU results in an almost 2 x reduction in wall-clock time for the full batch. This
demonstrates that batched multi-process execution is an effective strategy for improving
throughput in this workflow.

Based on computations of the representative subset, we estimated the computational re-
sources required to process the entire OMol25-neutral dataset. The results are summarized
on Figure[d] This estimate was obtained as a weighted sum using timings measured on a rep-
resentative subset of molecules and the distribution of the basis set sizes in the full dataset.
Single-point DFT energies and their properties can be computed in ~6500 h, with an addi-
tional ~1000 h required for gradient evaluations. Therefore, the full calculation is practically
possible on contemporary GPU clusters and economically feasible even on commercial cloud
infrastructures.

A primary cause of low GPU utilization is host-side time spent in PySCF routines (one-
electron integrals, two-center two-electron integrals, their derivatives, and the initial guess).
We expect OMol25 screening runtimes to decrease further if these builds are offloaded to the
GPU. As this work focuses on J, K, and XC matrices and their gradients, we will focus on

this improvement in future work.

Multi-GPU Performance

The results for the individual two-electron energy and gradient kernels are shown in Figures
to|7l As in the single-GPU case, execution time is driven by the exact-exchange (K) kernel.
The next-largest cost is the XC kernel for small molecules, but shifts to the Coulomb (J)
kernel as system size grows.

The best parallel scaling is observed for the exchange energy and gradient kernels, which
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Table 2: Performance metrics of major GPU-accelerated functions for different numbers of
processes per GPU. Values represent compute time, i.e. the time difference between start
and end times of the function, summed over all runs in the batch. Total compute time is
the sum of the initial guess, DFT energy, and gradient execution times per molecule. Wall
clock time represents the total elapsed time from batch execution. Non-GPU time share
represents the total compute time by CPU-only kernels and host overhead relative to total
compute time.

# processes per GPU

Function
1 2 3 4
snK exchange, s 1330.7 1709.9 2032.8 2379.3
XC, s 1064.9 1621.4 2270.1 2980.9
Coulomb, s 450.4 554.2 691.0 835.3
snK derivative, s 112.4 141.2 177.5 208.8
XC gradient, s 95.9 151.4 206.7 280.5
Initialization, s 81.6 104.9 121.9 157.8
Coulomb gradient, s 37.7 50.5 58.5 63.8
Solve SCF egs., s 26.5 64.5 95.0 139.9
DIIS error vector, s 14.1 25.1 31.8 42.1
Non-GPU time share, % 24.0 24.1 24.9 25.7
Total compute time, s 4234.4 5831.9 7567.9 9537.7
Total wall clock time, s  4352.9 2993.8 2585.1 2434.6

also dominate the overall runtime. For ubiquitin and crambin, the Coulomb energy kernel
shows diminishing parallel efficiency beyond 8 GPUs, although it remains among the least
expensive components of the calculation. In contrast, the Coulomb gradient kernel exhibits
better scaling, largely because only the gradient vector must be reduced among processes,
rather than the full Coulomb matrix. As a result, communication overhead is reduced
substantially. The Coulomb energy scaling limitations of the current J matrix build can be
overcome by using NCCL*%based reduction instead of MPI-based as suggested in Ref. [13| for
the exact exchange matrix, or alternatively adopting a distributed Fock matrix calculation
scheme. We note that we observed an unexpected performance drop for evaluating XC for
Valinomycin on 4 GPUs. This behavior is reproducible and might be related to anomalies
of the memory utilization in this setting.

A further factor limiting scaling efficiency is the computation of V~'z. Our current ap-
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Figure 4: Estimated total GPU-hours required to process the entire OMol25-neutral dataset
(34335828 structures) as a function of the number of concurrent processes per GPU. Re-
sults are shown separately for PBEO single-point energy evaluations and nuclear gradient
computations.

proach solves a linear system on the root process using precomputed Cholesky factors of the
Coulomb metric. An alternative strategy is to employ iterative linear solvers, which require
repeated ZQ(P|Q)022 matrix-vector multiplications for trial vectors v’ until convergence.
This approach offers two advantages: the contractions can be parallelized trivially across
GPUs, and the method supports matrix-free implementations, reducing memory require-
ments. We expect this strategy to improve both scalability and memory efficiency in future

versions of the code.

Conclusion

In this work, we implemented analytic two-electron energy derivatives for density-fitted
Coulomb and semi-numerical exchange kernels as extensions to the LibintX and GauXC
libraries, enabling efficient HF and hybrid DFT calculations on single- and multi-GPU ar-
chitectures. We demonstrated the performance of the new implementation across small,
medium, and large molecular systems and analyzed its scaling behavior with increasing sys-

tem size. We conducted high-throughput benchmarks that emulate screening workloads
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via batched, concurrent jobs per GPU. The benchmark results show favorable scaling and
strong parallel efficiency, which is maintained for up to 24 NVIDIA A100 GPUs, leading to
substantial reductions in wall time for large-scale electronic-structure calculations.
Furthermore, we demonstrate that the implementation is well suited for high-throughput
workloads representative of drug-discovery pipelines, including batched evaluations of large
collections of small- and medium-sized molecules. Using timing data obtained for representa-
tive molecular subsets together with the empirical distribution of basis-set sizes, we estimate
the computational cost of processing the OMol25-neutral benchmark. These estimates indi-
cate that complete DFT single-point energies, molecular properties, and analytic gradients
for the entire dataset can be computed within realistic wall times on modern GPU clus-
ters, and at moderate cost even when using commercial cloud platforms. Overall, this work
demonstrates that GPU-accelerated density-fitted Coulomb and semi-numerical exchange
kernels with analytic gradients effectively bridge the gap between high-level electronic-
structure accuracy and the throughput requirements of contemporary large-scale molecular

screening, molecular dynamics and QM /MM simulations.
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